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ABSTRACT. This paper is concerned with two invariants associated to pairs of strata X < Y in
an analytic stratification of some ambient complex projective variety W. We show that if the
closures X ⊂ Y are subvarieties of W with X irreducible, then the Hilbert-Samuel multiplicity
of Y along X equals the Euler characteristic of the space obtained by intersecting Y with the
complex link of X in W. En route, we obtain a local Lefschetz hyperplane theorem for such
complex linking spaces. Applications of this result include a new algebraic formula for the
Euler obstruction of W.
1. Introduction
To each polynomial F : Cn → C satisfying F(0) = 0 with an isolated critical point at the
origin, one can associate an integer µ(F) > 0 which is called the Milnor number of F. The
Milnor number is among the earliest-known, best-studied and most fundamental invariants
of complex algebraic singularities. One harbinger of its extraordinary importance is the
plethora of different, independent-seeming paths which may be taken when attempting to
define it. The two approaches most relevant to this paper are the following.
• The topological perspective: for all e > 0, let Se ⊂ Cn be the sphere of radius e around
the origin. For e sufficiently small, the map
Se ∩ {F 6= 0} → S1 (1)
prescribed by z 7→ F(z)/|F(z)| is a (locally trivial) fibration. Each fiber is homotopy-
equivalent to a wedge sum of (n − 1)-dimensional spheres, and µ(F) equals the
number of spheres in this sum.
• The algebraic perspective: the Jacobian ideal of F in the polynomial ring C[z1, . . . , zn]
is given by
JF = 〈∂F/∂z1, . . . , ∂F/∂zn〉 . (2)
Since F admits a critical point at the origin, JF is contained in the prime ideal Z =
〈z1, . . . , zn〉. And since this critical point is isolated, the Z-localized quotient
OJF,Z := OZ/(OZ · JF)
is a finite-dimensional complex vector space. The Milnor number µ(F) equals the
dimension of this vector space.
Both approaches were originally described by Milnor [28], and have since been substantially
generalized by several authors in different directions. Our goal in this paper is to reunite two
generalizations of µ(F), one topological and the other algebraic.
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1.1. Complex Links. On the topological side, one sets aside isolated singularities on hy-
persurfaces, focusing instead on the far more general setting of strata in a finite-dimensional
Whitney stratified space W ⊂ Cn. Let X ⊂ W be a connected stratum of such a space, and
consider an affine plane A ⊂ Cn of dimension (n− dim X) which intersects X transversely
at some point p. Letting Se(p) denote the sphere of radius e around p in Cn, the intersection
Lp = A ∩ Se(p) ∩W
is a well-defined Whitney stratified space of dimension (dim W − dim X − 1) for all suf-
ficiently small e. This is called the link of p in W [9, Chapter I.3.10], and up to stratified
homeomorphism, it is determined by the stratum X rather than the representative point p.
Moreover, every point x in X, including p, admits an open neighbourhood Ux ⊂ W that is
stratified-homeomorphic to Cdim X × c◦(Lp), where c◦(Lp) stands for the open cone on Lp.
A central difficulty encountered in the extension of Morse theory beyond manifolds to
stratified spaces [9] is the fact that the handle attachments required when crossing a critical
value depend on far more data than a single number akin to the Morse index. For instance,
consider a stratified Morse function f : W → R which admits a unique critical point p ∈
X ⊂ W valued in some interval [a, b]. The space which one must attach to { f ≤ a} in
order to get { f ≤ b} up to homeomorphism requires knowledge of, among other things, the
topology of the lower halflink L−p = Lp ∩ { f < f (p)}. And although the homeomorphism
type of Lp depends only on the stratum X containing p, even the homotopy type of L−p is
liable to vary quite drastically with p — for instance, L−q will not in general be homotopy
equivalent to L−p even when q is another critical point of the same function f lying in the
same stratum X and having the same Morse index as p with respect to f |X : X → R.
It is, therefore, a miracle that this heterogeneity disappears entirely whenever W is a
complex analytic Whitney stratified space (with complex analytic strata). In this case, the
lower halflinks depend only on the stratum X rather than on the chosen point p or the
stratified Morse function f : W → R; and moreover, all of these have the same homotopy
type as the intersection
LX := A ∩ Be(p) ∩W∩ H,
where A is the transverse plane used to define Lp, while Be(p) is the open ball enclosed by
the sphere Se(p), and H is a generic hyperplane inside A which passes near (but not through)
p. This spaceLX is called the complex link of X inside W, and its intersectionLX ∩ Y with
another stratum X 6= Y ⊂ W is nonempty if and only if Y > X, i.e., when the closure of Y
contains X. The complex link was originally defined in [9], and it plays a fundamental role
in complex stratified Morse theory by providing normal Morse data for critical points lying in
X of stratified Morse functions defined on W. Moreover, the complex link forms a natural
and far-reaching generalization of the Milnor fiber from (1), as described for instance in [22].
1.2. Hilbert-Samuel Multiplicities. Returning to the algebraic perspective, the Milnor
number of F : Cn → C as defined above equals one if and only if the origin is a smooth
point of the hypersurface {F = 0}. Thus, it becomes natural to regard µ(F) as a measure
of the singularity of this hypersurface at the origin (see [4, Chapter 12.1] for instance). A
far-reaching consequence is the notion of a Milnor class [1], which resides in the Chow group
of this hypersurface. Alternatively, µ(F) may be viewed as an algebraic multiplicity which
relates the Jacobian ideal JF from (2) with the larger prime ideal Z = 〈z1, . . . , zn〉 within
C[z1, . . . , zn]. The Hilbert-Samuel function of the local ring OZ,JF associated to this pair of
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ideals is defined by
HS(t) = length
(
OZ,JF /M
t) ,
whereM COZ,JF is the maximal ideal. Since we have assumed that the origin is an isolated
singularity of F, the scheme generated by JF forms a locally complete intersection at 0, let’s
say of dimension d ≥ 0. For t  0 this function HS(t) is a polynomial in t whose leading
coefficient equals µ(F)/d! and hence recovers the Milnor number.
The algebraic generalization of µ(F) which forms a focus of this paper is obtained by re-
placing the nested ideals JF ⊂ Z above by an arbitrary pair J ⊂ I, where ICR is a prime ideal
and J C R is a primary ideal. These ideals correspond to an irreducible variety X = X(I)
inside a scheme Y = Y(J). For t 0, the function HS(t) associated to the local ring OI,J sta-
bilizes to a polynomial in t of degree d = dim Y− dim X. The ratio of the leading coefficient
of this polynomial to d! is always an integer eXY > 0, called the Hilbert-Samuel multiplic-
ity of X along Y. Both the polynomial HS(t) and the associated multiplicity eXY are objects
of classical interest in algebraic geometry and commutative algebra. These constructions
were originally introduced by Samuel [31] as a generalization of the Hilbert polynomial and
the degree associated to the quotient of a polynomial ring by an ideal. When Y is reduced,
the integer eXY equals 1 if and only if X is not contained in the singular locus of Y; hence
eXY quantifies how singular X is inside of Y.
The multiplicity eXY is ubiquitous in modern algebraic geometry via its role in intersec-
tion theory. For example, eXY is the coefficient of [X] in the Segre class s(X, Y), which lives in
the Chow group of X, and hence by pushforward, in the Chow group of Y [7, Chapter 4.3].
Allowing X ⊂ Y to be an arbitrary subscheme, one may further consider Hilbert-Samuel
multiplicities (eXY)V where V ⊂ X is an irreducible component [7, Example 4.3.4]. The
number (eXY)V equals the coefficient of [V] in s(X, Y), and appears in various results which
employ Fulton and MacPherson’s intersection product [7, Chapter 12.3]. Additionally, for
subschemes of a smooth variety over an algebraically closed field, Serre’s famous Tor For-
mula for the intersection multiplicity may also be viewed as yielding a particular incarnation
of the Hilbert-Samuel multiplicity [33, Theorem 1 on page 112].
1.3. Main Results and Outline. The main result of this paper relates Hilbert-Samuel
multiplicities with Euler characteristics of (certain subspaces of) complex links, which are
described more thoroughly in Section 2.
THEOREM 1.1. Let W ⊂ Pn be a projective variety equipped with a Whitney stratification, and
let X ⊂ Y be (connected components of) a pair of strata whose closures X ⊂ Y are subvarieties of W,
with X irreducible. Then we have an equality
eXY = χ(LX ∩Y),
between the Hilbert-Samuel multiplicity of X in Y and the Euler characteristic of Y’s intersection
with the complex link of X in W.
Euler characteristics of the form χ(LX ∩Y) make their appearance in recursive formulas
[4, Theorem 8.2.1] for MacPherson’s Euler obstruction [21]. Theorem 1.1 appears to be well
known in the special case where X is a point lying on a curve Y, having been left as an exer-
cise for the reader on numerous occasions, including the Introduction to [9] and Example 4.6
of [23]. Theorem 1.1 can also be deduced with some effort when X ⊂ Y is a pair of projective
toric varieties. This would require combining classical results which relate Hilbert-Samuel
multiplicities to normalized relative subdiagram volumes [8, Chapter 5] with far more recent
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work [25, 26] that relates the same volumes to complex links and Euler obstructions. Unsur-
prisingly, these results make special use of the combinatorics and geometry of toric varities
(in particular, there is no clear analogue of normalized subdiagram volumes for non-toric
projective varieties1); we therefore require a completely different strategy here in order to
prove Theorem 1.1. Our argument proceeds along three steps, starting from the purely alge-
braic and ending with the purely geometric. Each step relies on a different ingredient, and
two of them produce intermediate results which we hope will be of independent interest to
the reader.
The first step is to describe the invariance of eXY under the operation of slicing both
X and Y by certain hyperplanes. The key ingredient is a new degree-theoretic formula for
Hilbert-Samuel multiplicities [12, Theorem 5.3], which we describe in Section 3. Using this
formula along with basic properties of Segre classes, one can show that if L is the linear
space obtained via the intersection of dim Y − dim X − 1 general hyperplanes in Pn which
pass through a general point p of X, the multiplicity eXY equals the multiplicity of p in the
curve Y ∩ L. More generally, we show the following in Section 4.
THEOREM (A). Given X ⊂ Y as above, let L = H1 ∩ · · · ∩ Hk be the intersection of general
hyperplanes which all pass through some general point p of X; then,
(1) if k ≤ dim X, then eXY = eX∩L(Y ∩ L); moreover,
(2) if k = dim X, then ep(Y ∩ L) = eXY; and finally,
(3) if dim X < k ≤ dim Y− 1, then eXY = ep(Y ∩ L).
The second step is to prove that the point-curve multiplicity ep(Y ∩ L) equals the Euler
characteristic χ(Lp(Y ∩ L)) of p’s complex link in Y ∩ L. As already mentioned above, this
result is well-known to some; however, we find the argument too beautiful to omit entirely,
and at any rate we were unable to find an explicit proof of this fact in the literature. The key
ingredient is Thom’s first isotopy lemma [24, Proposition 11.1], which we use to complete
this step of the argument in Section 5.
Our third and final step is to consider the intersection Lp ∩ Y, where Lp is the complex
link of a point p in W while Y is the nonsingular part of a subvariety Y ⊂W of dimension> 1
whose closure contains p. The crucial ingredient here is the pioneering work of Hamm and
Lê in [10] which uses Morse theory to establish a hyperplane theorem for quasi-projective
varieties. By keeping careful track of the Morse functions and the gradient vector fields used
in their argument, we are able localize their Morse equivalence to a small neighbourhood
around p. This yields the following Lefschetz-type hyperplane theorem, which is proved in
Section 6.
THEOREM (B). Let Hp ⊂ Pn be a generic hyperplane passing through p. There is a deformation-
retraction
Lp ∩Yreg '−→ Lp ∩Yreg ∩ Hp,
so in particular the Euler characteristics of these spaces are equal.
1The theory of Newton-Okounkov bodies [17, 19] does provide a more general analogue to the polytope
of a projective toric variety. While recent work [2, 18] might allow one to extract Hilbert-Samuel multiplicities
from Newton-Okounkov bodies, we can see no path to relate χ(LX ∩ Y) to some Newton-Okounkov body
which would not at least require some version of the results established in Section 6, or more simply, the result
of Theorem 1.1 itself.
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Finally, in Section 7 we link Theorems (A) and (B), using the point-on-curve result as a
bridge, in order to establish Theorem 1.1. Several immediate consequences of this result are
also described, including a new purely algebraic formula for Euler obstructions of projec-
tive varieties, the specialization to the toric case, and an equation-free algorithm to estimate
Hilbert-Samuel multiplicities from finite point samples.
1.4. Related Work. This paper includes elements of many distinct but interconnected
works beyond the ones already mentioned; as such, the body of related literature goes back
several decades and is quite extensive. The following subset is far from exhaustive, and it
reflects those portions with which we are most familiar.
The algebraic part of this work draws heavily on Fulton and MacPherson’s intersection
theory, and in particular on the relation between the coefficients appearing in Segre classes
and the Hilbert-Samuel multiplicities; the standard reference for this point of view is [7] and
the references therein. In the particular case of a point p on a variety Y, the algebraic multi-
plicity equals the degree of the (projectivization of the) tangent cone CpY. Moving to a more
general setting then leads one to consider the normal cone, from which the Segre class can be
defined [7, Chapter 4.2]. From the work of Serre we can see the Hilbert-Samuel multiplic-
ity as the Euler-Poincaré characteristic of the homology of the Koszul complex [33, pg. xi,
pg. 56, pg. 100]. From this perspective, Serre’s Tor formula for intersection multiplicities
arises by relating the Koszul complex to the Tor functor [33, pg. 106, pg. 112].
Milnor fibers and complex links play a key role not only in Goresky and MacPherson’s
stratified Morse theory [9] as remarked above, but also in Kashiwara and Schapira’s mi-
crolocal analysis [16]. The connection between the two is provided by the nearby and
vanishing cycles functors — these are thoroughly described in various textbooks, including
Chapter 4 of Dimca [5], Chapter 5 of Schürmann [32], and Chapter 10 of Maxim [27]. Also
intimately related to these topics are stratified vector fields on singular spaces developed by
Brasselet and colleagues [4], as well as the beautiful theory of polar varieties, due to Teissier
et al, which has been nicely summarized in [6]. Much of this paper could be rewritten in the
language of polar varieties — in particular, a polar variety appears quite prominently in the
proof of Proposition 6.6.
Acknowledgements. Mark Goresky kindly shared an advance copy of his upcoming survey Morse theory,
stratifications and sheaves with us; that paper served as our Polaris while we navigated the formidable waters
surrounding these topics. We are grateful to Heather Harrington for organizing the event in Oxford where our
collaboration was conceived, to Kate Turner for hosting VN’s visit to Canberra where it reached adolescence,
and to Yossi Bokor for writing helpful software during these early days. We thank the Sydney Mathematics
Research Institute (SMRI) at the University of Sydney for their generous hospitality. VN’s work was supported
by the EPSRC grant EP/R018472/1 and by the DSTL grant D015 funded through the Alan Turing Institute.
2. Complex Links and Topological Multiplicities
A stratification of a topological space W is a filtration
∅ = W−1 ⊂W0 ⊂ · · · ⊂Wk = W
by closed subspaces so that each consecutive difference Wi −Wi−1 is a (possibly empty or
disconnected) i-dimensional manifold called the i-stratum. Throughout this section, W will
denote a Whitney-stratified complex analytic subspace of Cn. We assume that each stratum
X ⊂ W is a connected complex analytic manifold, and write Y > X to indicate that the
closure of the stratum Y contains the stratum X. We further require all pairs of strata X < Y
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to satisfy Whitney’s Condition (B) — see [35, Section 19], [24, Section 2], or [9, Chapter I.1.2].
Let TpX denote the (dim X)-dimensional linear subspace of Cn which corresponds to the
tangent space of a stratum X at a point p in X.
Fix a connected component of a stratum X ⊂ W and consider an arbitrary point p in X.
Since it remains difficult to illustrate even 2-dimensional complex varieties, the following
real picture (where n = 3 and dim W = 2 while dim X = 1) will serve as a proxy for the
local structure of W near p.
The stratum X is represented by the horizontal line along which the four sheets intersect, and
the chosen point p is located near the center of X. We say that an affine subspace A ⊂ Cn
containing p is transverse to X at p if the sum of tangent subspaces given by
TpX + Tp A =
{
v + w | v ∈ TpX and w ∈ Tp A
}
equals TpCn = Cn.
DEFINITION 2.1. A subset N ⊂ W is called a normal slice to X at p if it equals the inter-
section W ∩ A for some (n− dim X)-dimensional affine subspace A ⊂ Cn which intersects
X transversely at p.
One possible choice of N for our example is shown below:
Here A is the plane which crosses X at p, while N is the union of four half-open arcs, all of
which intersect at p. Evidently, N will not be a manifold in general; on the other hand, it
follows from the definition of a Whitney stratification that A will remain transverse, at least
in a small neighbourhood around p, to all higher strata Y > X. Thus, N inherits a Whitney
stratification from W near p as follows. Each (dim Y)-dimensional stratum Y > X carves
out a (possibly disconnected, (dim Y− dim X)-dimensional) stratum Y ∩ A of N.
Fix a radius e > 0 so that the intersection of N with the open ball Be(p) of radius e
around p inherits a Whitney stratification from W in the manner described above2. We write
Ne(p) = N∩ Be(p) to indicate this restricted normal slice. The next definition will make use
of our chosen N and e, and also of the usual inner product 〈•, •〉 defined on the ambient
space Cn.
2More precisely, e must satisfy the following constraints: for every radius e ≤ e and for every stratum Y of
W, (a) the boundary of Be(p) is transverse to Y in Cn, and (b) the boundary of Be(p) ∩ A is transverse to Y ∩ A
in A.
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DEFINITION 2.2. A vector ξ in the affine space A is called nondegenerate for the pair
(N, e) if the following property holds for all strata Y > X. Given any sequence {(qi, vi)} in
the tangent bundle of Y′ = Y ∩Ne(p) where qi limits to p, if the vi limit to some nonzero
vector v then 〈ξ, v〉 6= 0.
If we restrict our pictorial example to the affine plane A, then the set of degenerate vectors
will span the vertical line through p because the orthogonal complement of this vertical line
(in A through p, as drawn below) shares a limiting tangent with all four arcs of N. For any
vertically-aligned ξ, one can find a sequence (qi, vi) in the tangent bundle of each arc with
qi → p and vi → v 6= 0 lying along the horizontal line, which in turn forces 〈ξ, v〉 = 0. Any
ξ off the vertical line will be nondegenerate.
Fix a nondegenerate vector ξ for (N, e), and consider the map
piξ : A→ R
given by taking the real part of the affine-linear complex functional z 7→ 〈z− p, ξ〉. By
nondegeneracy, there exists a δ > 0 so that if the differential
(dpiξ)q : TqY′ → R
is identically zero at some point q 6= p in a stratum Y′ of Ne(p), then |piξ(q)| > δ . In other
words, the preceding definitions and choices have been concocted in order to ensure that piξ
restricts to a stratified Morse function on Ne(p) as in [9, Chapter I.2]; and moreover, p is its
unique critical point valued in the interval [−δ, δ]. Here is a summary of all these choices
that have been made for the stratum X ⊂W of dimension dim X:
(1) a point p ∈ X,
(2) an (n− dim X)-dimensional affine subspace A ⊂ Cn transverse to X at p,
(3) a radius e > 0 so that Ne(p) = W∩ A ∩ Be(p) inherits a stratification from W ,
(4) a nondegenerate vector ξ ∈ A, and finally,
(5) another radius δ ∈ (0, e) so that piξ : A → R has no critical points q 6= p in Ne(p)
with piξ(q) in [−δ, δ].
The following definition makes provisional use of this tuple (p, A, e, ξ, δ), but depends (up
to stratified homeomorphism) only on the stratum X — see [9, Chapter II.2] for details.
DEFINITION 2.3. The complex link of the stratum X ⊂ W with respect to the choices
(p, A, e, ξ, δ) is the intersection
LX = Ne(p) ∩ pi−1ξ (δ).
For each stratum Y > X of W, the complex linking spaceLXY is the intersection
LXY = LX ∩Y = Ne(p) ∩ pi−1ξ (δ) ∩Y.
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Here Ne(p) ∩ Y is a (dim Y − dim X)-dimensional stratum of the restricted normal slice
Ne(p), so its intersection with the hyperplane pi−1ξ (δ) is a manifold of dimension dim Y −
dim X − 1. Returning to our example one final time: the hyperplane pi−1ξ (δ) is a non-
horizontal line in the plane A which passes near, but not through, the central point p. In
a small e-ball around p, this line generically intersects the arcs which form Ne(p) in two
points, so the complex linkLX in this case is just the two-point space:
DEFINITION 2.4. Given a pair of strata X < Y of W, the topological multiplicity of X
along Y is the integer mXY ∈ Z defined by
mXY = χ (LXY) ,
where χ(•) denotes the Euler characteristic and LXY is the complex linking space from
Definition 2.3.
3. Algebraic Multiplicities
Let R = C[x0, . . . , xn] denote either the coordinate ring of projective space Pn or affine
space Cn+1. In the projective case we will implicitly assume that R is graded and all of its
ideals considered below are homogeneous. Let X be an irreducible complex (affine or pro-
jective) algebraic variety given by a prime ideal I C R and let Y be a scheme corresponding
to a primary ideal J ⊂ I. The local ring of Y along X, usually written OX,Y, is the localization
of (R/J) at I. The following notion is due to Samuel [31].
DEFINITION 3.1. Let M be the maximal ideal of OX,Y and let c be the codimension
dim Y− dim X. The Hilbert-Samuel function of Y along X is
HS(t) = length
(
OX,Y/M t
)
.
For all t  0, this function is a polynomial in t of degree c whose leading coefficient is
a strictly positive integer divisible by c! — and the algebraic multiplicity of Y along X,
written eXY, is the leading coefficient of the normalized polynomial (1/c!) ·HS(t).
It is shown in [7, Section 4.3] that eXY (often called the Hilbert-Samuel multiplicity or
algebraic multiplicity) is also equal to the coefficient of [X] in the Segre class s(X, Y), which
naturally lives in the Chow group of X (or in the Chow ring of an ambient smooth variety M via
push-forward, X ⊂ Y ⊂ M; we will often work in the M = Pn setting). When X ⊂ Y ⊂ Pn
are projective varieties, it is often algorithmically convenient to extract eXY from a choice
BX = { f0, . . . , fr} of homogeneous polynomials that generate the defining ideal I C R of
X. We will assume here that all the fi have the same degree d, which is always possible to
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arrange without loss of generality [12, Section 2.1.4]. Let Li be a generic (n− i)-dimensional
linear subspace of Pn, and let Vi ⊂ Pn be the varieties given by
Vi = {x ∈ Pn | F1(x) = F2(x) = · · · = Fdim Y−i(x) = 0}, (3)
where the Fj are homogeneous polynomials of degree d that have the form
Fj =
r
∑
k=0
λ
j
k fk
for general choices of λjk ∈ C. (Note Vi contains X for all i by design).
In [12] it is shown that the Segre class, and hence the algebraic multiplicity eXY, is deter-
mined by the numbers
ΛiXY = deg(Y) · ddim Y−i − deg(Y ∩Vi ∩ Li − X), (4)
for each i between 0 and dim X. In particular, [12, Theorem 5.3] establishes that
eXY =
Λdim XX Y
deg X
, (5)
or more explicitly,
eXY =
deg(Y) · ddim Y−dim X − deg(Y ∩Vdim X ∩ Ldim X − X)
deg X
. (6)
In order to treat affine varieties on an equal footing with projective ones when it comes to
using (5) and related formulas, we will appeal to the following result. The idea is to replace
the affine varieties X ⊂ Y in Cn by their projective closures PX ⊂ PY in Pn — see [13, Exercise
I.2.9] for a definition.
PROPOSITION 3.2. Let X ⊂ Y be closed subvarieties of affine space Cn and let PX ⊂ PY denote
their projective closures in Pn. Then, we have
eXY =
Λdim PXPX PY
deg PX
,
i.e., the algebraic multiplicity of Y along X can be computed from (5) applied to the projective closures
of X and Y.
PROOF. Select an affine chart ofPn specified by a general hyperplane H, i.e. Cn ∼= Pn−H
and an open set U ⊂ Pn so that (a) PY ∩U is open and dense in PY, (b) if V = U − H then
Y ∩V is open and dense in Y ⊂ Cn, and (c) PX ∩U is open and dense in PX (i.e. PX is not
contained in Pn −U). By (a) and (c) we obtain an isomorphism of local rings
OPX,PY ' OPX∩U,PY∩U.
Next, since X is a subvariety of Y with Y ∩ V dense in Y by (b), we have a second isomor-
phism of local rings
OPX∩U,PY∩U ' OX∩V,Y∩V .
And finally, since Y ∩ V is dense in Y and since PX is not contained in Pn −U, then X ∩ V
is dense in X and we have a third isomorphism
OX∩V,Y∩V ' OX,Y.
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Stringing together these three isomorphims, one obtains OX,Y ' OPX,PY; since the algebraic
multiplicities eXY and ePXPY are completely determined by the corresponding local rings,
they must be equal. The desired conclusion now follows from (5). 
We expect that some version of the above argument, (i.e., that eXY must equal ePXPY
because the two associated local rings are isomorphic) already exists in the literature, but
we were unable to locate it and have therefore included this proof for completeness. This
result facilitates the use of (6) for a pair of affine varieties; in this case, the Hilbert-Samuel
multiplicity measures the relative topology of their projective closures.
4. Algebraic Multiplicities of Linear Sections
Here we describe the behaviour of the algebraic multiplicity eXY for complex projective
varieties X ⊂ Y when both X and Y are replaced by their intersections with (sufficiently
generic) linear spaces. The proposition below can be seen as a direct consequence of stan-
dard properties of Segre classes (along with the relation between Segre classes and algebraic
multiplicity).
PROPOSITION 4.1. Let Y be a pure dimensional subscheme of the complex projective space Pn,
let X be an irreducible subvariety of Y and let L ⊂ Pn be given by an intersection
L = H1 ∩ H2 ∩ · · · ∩ H`,
where each Hi ⊂ Pn is a generic hyperplane. If the codimension ` = n− dim L is strictly less than
dim X, then the algebraic multiplicities eXY and eX∩L(Y ∩ L) are equal. Further if ` = dim(X)
then eXY = ep(Y ∩ L), where p is any of the deg(X) points in X ∩ L.
PROOF. In this proof we will work with the pushforward to the Chow ring of Pn of the
Segre class s(X, Y), in a slight abuse of notation this will also be denoted s(X, Y). Since each
Hi is a general divisor on Pn, the coefficient of hdim X−` in the Segre class s(X ∩ L, Y ∩ L)
equals the coefficient of hdim X in the Segre class s(X, Y), i.e.,
{s(X ∩ L, Y ∩ L)}dim X−` = {s(X, Y)}dim X · h`.
A proof of the above property of Segre classes can be found, for example, in [11, Corol-
lary 3.2]. First suppose that ` < dim(X). Using the fact that eX∩L(Y ∩ L) is the coefficient of
[X ∩ L] in s(X ∩ L, Y ∩ L), one obtains
{s(X ∩ L, Y ∩ L)}dim X−` = eX∩L(Y ∩ L) · [X ∩ L]
= eX∩L(Y ∩ L) · deg X · hn−dim X+`,
where the second equality follows from the fact that each Hi is a general divisor, so in par-
ticular deg X = deg(X ∩ L). Now take ` = dim(X). Then X ∩ L consists of deg(X) reduced
points p1, . . . , pdeg(X); by [7, Example 4.3.4] we have that
{s(X ∩ L, Y ∩ L)}dim X−` = ep1(Y ∩ L)[p1] + · · ·+ epdeg(X)(Y ∩ L)[pdim(X)]
= ep(Y ∩ L)deg(X)[p]
= ep(Y ∩ L) · deg X · hn−dim X+`
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where p is any point in X ∩ L (all of which are rationally equivalent). On the other hand, we
also have
{s(X, Y)}dim X · h` = eXY · [X] · h`
= eXY · deg X · hn−dim X+`,
which forces eX∩L(Y ∩ L) = eXY for ` < dim(X) and ep(Y ∩ L) = eXY when ` = dim(X) as
desired. 
Having cut X down to a single point p, we turn our attention to simplifying Y. The
next result uses (5) to show that we can always replace Y by a curve, i.e., a one-dimensional
projective variety, when computing epY.
PROPOSITION 4.2. Let Y be a pure dimensional subscheme of the complex projective space Pn,
let p be any reduced point in Y, and consider a linear space L given by the intersection of m ≥ 0
general hyperplanes which contain p. If m ≤ dim Y− 1, then ep(Y ∩ L) is well-defined and equals
epY.
PROOF. Since p is an isolated and reduced projective point, its generating ideal in the
polynomial ring C[x0, . . . , xn] can be chosen to consist of n linear forms {`1, . . . , `n}. It fol-
lows that d = 1 and deg X = 1 in (6). Since dim p = 0, we have
epY = deg(Y)− deg(Y ∩Vdim Y − p),
where Vdim Y is the variety defined by the polynomials {P1, . . . , Pdim Y}, with each Pj being a
linear combination of the form
Pj =
n
∑
i=1
λ
j
i`i for general λ
j
i ∈ C.
Without loss of generality, we may take L to be the variety defined by the first m of these,
say {P1, . . . , Pm}. Thus L is a linear system with base locus p, so it forms a smooth complete
intersection outside of p. Hence the intersection Y ∩ L is transverse in the expected dimen-
sion, i.e. in dimension dim(Y ∩ L) = dim Y −m > 0 and moreover, deg(Y ∩ L) = deg(Y).
Letting V>m be the variety defined by {Pm+1, . . . Pdim Y}, we have
epY = deg(Y)− deg(Y ∩Vdim Y − p)
= deg(Y ∩ L)− deg(Y ∩ L ∩V>m − p)
= ep(Y ∩ L).
This argument fails for m = dim Y as the intersection Y ∩ L may fail to be transverse in this
case. 
The following theorem serves to summarize the main results in this section by combining
Propositions 4.1 and 4.2. We note that we may allow Y in Theorem 4.3 below to be any pure
dimensional subscheme of Pn (as was shown above). We restrict the statement to the case
where Y is a variety as this will be the only case we employ in later sections.
THEOREM 4.3. Let X ⊂ Y be a pair of complex projective subvarieties of Pn, and let L ⊂ Pn be
a linear space given by the intersection of k ≥ 0 general hyperplanes H1, . . . , Hk containing a point
p of X.
(1) If k ≤ dim X, then eXY = eX∩L(Y ∩ L).
(2) If k = dim X, then ep(Y ∩ L) = eXY.
(3) If dim X < k ≤ dim Y− 1, then eXY = ep(Y ∩ L).
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We note once again that assertion (3) of this theorem with k = dim Y − 1 implies that
the evaluation of eXY for arbitrary projective varieties X ⊂ Y in Pn can be reduced to the
computation of epC where p is a point lying on the curve C = Y ∩ L; this scenario will be the
central focus of the next section.
5. The Case of Points on Curves
Our goal here is to provide a stratified Morse-theoretic proof of the following result.
THEOREM 5.1. If p is any (possibly singular) point on a curve C ⊂ Pn, then we have
epC = mp(Creg),
where Creg is the nonsingular part of C− {p}, while epC is the algebraic multiplicity of Definition
3.1, and mp(Creg) is the topological multiplicity of Definition 2.3.
Since p can be defined as the zero set of n linear polynomials, by (4) we have
epC = Λ0pC = deg(C)− deg(C ∩ Hp − p),
where Hp is a generic hyperplane in Pn passing through p. Let ξ be the unit normal to Hp,
and denote by piξ : Pn → R the projection map z 7→ Re 〈z− p, ξ〉 so that the level set of piξ at
0 is precisely Hp. By our genericity assumption on Hp, the vector ξ is nondegenerate in the
sense of Definition 2.2. Thus, there is some small positive δ so that piξ is a stratified Morse
function on C with no critical point other than p taking values in [−δ, δ]. In particular, this
means that no singular points of C other than p are allowed to lie in C ∩ pi−1ξ [0, δ], which is
the part of C lying within the shaded rectangular region below3.
The upper levelset pi−1ξ (δ) intersects C in a set of cardinality deg C since pi
−1
ξ (δ) is suffi-
ciently generic. On the other hand, since the lower levelset pi−1ξ (0) is forced to pass through
p, it may intersect C in fewer points. Thus, the quantity of interest to us here is
Λ0pC = #
{
C ∩ pi−1ξ (δ)
}
− #
{
C ∩ pi−1ξ (0)
}
+ 1, (7)
where the last +1 term comes from the fact that we are required to discard p from the sec-
ond intersection. The main tool in our argument here is one of Thom’s celebrated Isotopy
Lemmas — see [24, Proposition 11.1] or [9, Section I.1.5].
LEMMA 5.2. [Thom’s first isotopy lemma] Let M and N be smooth manifolds and Z ⊂ M
a Whitney stratified subset. If f : M → N is a smooth proper map whose restriction f |X to each
3Here we have resorted to drawing a real picture for simplicity; the one-dimensional complex curve C
should in fact have R-dimension two.
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stratum X ⊂ Z is a submersion (i.e., the derivative d fp : TpX → Tf (p)N is surjective for all p in
X), then f |X : X → f (X) is a (locally trivial) fiber bundle.
By our choice of δ, the function piξ when restricted to C ∩ pi−1ξ (0, δ) satisfies the hypothe-
ses of this lemma. Reducing δ further if necessary, we are therefore guaranteed the existence
of a local trivialization, i.e., a homeomorphism[
C ∩ pi−1ξ (0, δ)
]
' (0, δ)×
[
C ∩ pi−1ξ (δ)
]
.
Our strategy here is to examine the following zigzag diagram of inclusion maps
C ∩ pi−1ξ (0) ↪→ C ∩ pi−1ξ [0, δ]←↩ C ∩ pi−1ξ (δ). (8)
This next result is concerned with the first inclusion.
PROPOSITION 5.3. The inclusion C ∩pi−1ξ (0) ↪→ C ∩pi−1ξ [0, δ] is a homotopy equivalence, and
in particular it admits a homotopy-inverse φ : C ∩ pi−1ξ [0, δ]→ C ∩ pi−1ξ (0).
PROOF. By Thom’s first Isotopy Lemma applied to the restriction of piξ to C ∩ pi−1ξ (0, δ],
the constant vector field −ξ on (0, δ] lifts to a vector field V on C ∩ pi−1ξ (0, δ] so that the
differential dpiξ sends each vector of V to −ξ, as depicted below:
The desired map φ is obtained by flowing along the integral curves of V. 
The second map from our zigzag (8) will be described via the corresponding relative
homology group, namely
H•
(
C ∩ pi−1ξ [0, δ], C ∩ pi−1ξ (δ)
)
,
where we have implicitly assumed rational coefficients throughout. The following result
shows that this group only depends on local data pertaining to the fibers of φ over p.
LEMMA 5.4. Let φ : C ∩ pi−1ξ [0, δ] → C ∩ pi−1ξ (0) be a homotopy inverse to the inclusion (as
from Proposition 5.3). There is an isomorphism of relative homology groups:
H•
(
C ∩ pi−1ξ [0, δ], C ∩ pi−1ξ (δ)
)
' H•
(
φ−1(p), φ−1(p) ∩ pi−1ξ (δ)
)
.
Consequently, the associated Euler characteristics satisfy
χ
(
C ∩ pi−1ξ [0, δ]
)
− χ
(
C ∩ pi−1ξ (δ)
)
= 1− χ
(
φ−1(p) ∩ pi−1ξ (δ)
)
.
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PROOF. The set C ∩ pi−1ξ [0, δ] decomposes as a disjoint union
C ∩ pi−1ξ [0, δ] =ä
q
φ−1(q),
where q ranges over the points in C ∩ pi−1ξ (0). By the additivity of homology, we have a
direct sum decomposition
H•
(
C ∩ pi−1ξ [0, δ], C ∩ pi−1ξ (δ)
)
=
⊕
q
H•
(
φ−1(q), φ−1(q) ∩ pi−1ξ (δ)
)
.
It therefore suffices to show that the summands corresponding to q 6= p are all trivial. Since
no such q is a critical point of piξ , the vector field V on C ∩ pi−1ξ (0, δ] which was used to
construct φ in the proof of Proposition 5.3 extends non-trivially through q. Now by Thom’s
Isotopy Lemma 5.2 above, the stratified homeomorphism type of φ−1(q) ∩ pi−1ξ (t) remains
unchanged across all t ∈ [0, δ], so in particular there is a homeomorphism of pairs(
φ−1(q), φ−1(q) ∩ pi−1ξ (δ)
)
'
(
[0, δ], δ
)
,
and hence the relative homology is trivial as desired. To extract the statement about the Euler
characteristics from the statement about relative homology groups, one uses the observation
that φ−1(p) is homeomorphic to the cone at p over φ−1(p) ∩ pi−1ξ (δ). Since all cones are
contractible, we obtain χ(φ−1(p)) = 1. 
To conclude our proof of Theorem 5.1, we observe that
epC = #
{
C ∩ pi−1ξ (δ)
}
− #
{
C ∩ pi−1ξ (0)
}
+ 1, by (7)
= χ
(
C ∩ pi−1ξ (δ)
)
− χ
(
C ∩ pi−1ξ (0)
)
+ 1 since dim C = 1
= χ
(
C ∩ pi−1ξ (δ)
)
− χ
(
C ∩ pi−1ξ [0, δ]
)
+ 1 by Proposition 5.3
= χ
(
φ−1(p) ∩ pi−1ξ (δ)
)
by Lemma 5.4
= mp(Creg) by Definition 2.4
as desired.
REMARK 5.5. Neither Proposition 5.3 nor Lemma 5.4 require any constraint on the di-
mension of C, and both would work just as well when dim C > 1. On the other hand, it is
only when dim C = 1 that one obtains dim(C ∩ pi−1ξ (t)) = 0 for t in [0, δ], and it is a miracle
of zero-dimensionality that degree and Euler characteristic coincide. This accident is ex-
ploited only once in our argument, i.e., when transitioning from the first line to the second
one in the string of equalities above.
Unfortunately, we do not anticipate any direct relationship between degrees and Euler
characteristics of higher-dimensional projective varieties. Thus, one requires new techniques
for extending Theorem 5.1 to the case where the curve C is replaced by a variety Y of dimen-
sion > 1. These are developed in the next section.
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6. Linear Sections of Complex Linking Spaces
Here we will prove the following Lefschetz hyperplane theorem for complex linking
spaces, which establishes that certain topological multiplicities (from Definitions 2.3 and
2.4) are invariant under hyperplane intersections.
THEOREM 6.1. Let p be a (possibly singular) point on an irreducible projective variety Y ⊂ Pn
of dimension k > 1, and let Hp ⊂ Pn be a general hyperplane containing p. Consider any complex
analytic Whitney stratification of Y for which p lies in the zero-stratum and let Σ be the union of all
strata of dimension less than k. Write Yreg = Y−Σ to indicate the nonsingular stratum of dimension
k. There is a deformation-retraction of complex linking spaces
LpYreg
'−→ Lp(Yreg ∩ Hp).
As a consequence, the Euler characteristics mpYreg and mp(Yreg ∩ Hp) are equal.
Note that in the theorem above the singular locus of Y is necessarily contained in the
Zariski closed set Σ. A vital ingredient in our proof comes from the following result of
Hamm and Lê [10, Theorem 1.1.3(ii)].
THEOREM 6.2. [Hamm and Lê’s Hyperplane Theorem] Let X ⊂ Pn be a projective variety,
Z ⊂ X an algebraic subset, and L ⊂ Pn a generic hyperplane. If both (X− Z) and (X− Z) ∩ L are
smooth, then, (X − Z) is homotopy equivalent to a space formed by attaching finitely many cells of
dimension ≥ dim X to the subspace (X− Z) ∩ L.
The authors remark in [10] that their proof is inspired by Andreotti and Frankel’s Morse
theoretic argument from [3]. For our purposes, it is not Theorem 6.2 which is directly cru-
cial; rather, we require various properties of the Morse functions which appear as auxiliary
devices. To avoid forsaking readers who are unfamiliar with these details, we will tersely
summarize the relevant sections of [10] in the next subsection. Those who are already well-
acquainted with [10] are encouraged to proceed directly to Section 6.2.
6.1. Hamm and Lê’s Argument. Assuming that X, Z and L satisfy the hypotheses of
Theorem 6.2, let C[z0, . . . , zn] be the coordinate ring of Pn, and without loss of generality let
Pn − L be the affine space with coordinates {z1, . . . , zn}. Choose a collection { f1, . . . , fk} of
polynomials in Pn − L whose vanishing locus equals the difference Z− L, and consider the
function ϕ : X− (Z ∪ L)→ R given by
ϕ(z1, . . . , zn) = −
(
k
∑
i=1
| fi(z1, . . . , zn)|2
)
·
(
1+
n
∑
j=1
|zj|2
)
. (9)
The domain of ϕ is precisely (X− L)− (Z− L). For small e > 0 the superlevelset {ϕ ≥ −e}
corresponds to a tubular neighbourhood around (Z− L) in (X− L). It should be noted that
ϕ may not be Morse on its domain, so the strategy in [10] is to approximate ϕ by a genuine
Morse function whose critical points can be bounded away from (Z ∩ L) and have Morse
indices ≥ dim X.
Define, for each R > 0, the complement in Pn of the radius R open ball in (Pn − L):
VR(L) = L ∪
{
[1 : z1 : · · · : zn]
∣∣∣ n∑
j=1
|zj|2 ≥ R
}
. (10)
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It can be shown using general position arguments that the intersection (X − Z) ∩VR(L) is
smooth for all but finitely many R > 0, so fix an R which guarantees a smooth intersection.
The following result is recorded in [10, Section 1.2.3].
PROPOSITION 6.3. There exists some e0 > 0 so that the interval (0, e0] contains no critical
values of ϕ on X− (Z ∪VR(L)) or on (X− Z) ∩ ∂VR(L), where ∂VR(L) denotes the boundary of
VR(L), i.e., the sphere of radius R in Cn = (Pn − L).
Fix an e in (0, e0] and consider the set
Te = ({ϕ ≥ −e} ∪ Z)−VR(L)◦, (11)
where VR(L)◦ means the interior of VR(L). The union (Te ∪ Z) constitutes a tubular neigh-
bourhood around Z in X’s intersection with the closed radius-R ball within the affine chart
Cn = (Pn− L). The gradient vector field of ϕ insideTe furnishes a diffeomorphism of pairs4
X− (Te ∪VR(L)◦)
'

  // [X− (Te ∪VR(L))] ∪ [(X− Z) ∩VR(L)◦]
'

X− (Z ∪VR(L)◦)   // X− Z
(12)
Here is an impressionistic rendition of these dramatis personae.
The ambient rectangle denotes Cn ' (Pn − L), so L is its boundary (representing the point
at infinity). The difference (X − L) is shaded dark grey and its algebraic subset (Z − L) is
shown as the vertical white curve. The complement VR(L) of the open ball is shaded light
grey. Finally, the tubular neighbourhood Te of Z is depicted inside that ball. The following
result is implicit in the discussion of [10, Sections 1.2.4 to 1.2.6].
PROPOSITION 6.4. Let Te be as in (11) and denote its boundary by ∂Te. There is a Morse
function (on the manifold with corners)
σ : (X−T ◦e ) ∪ [(X− (Z ∪ L)) ∩VR(L)]→ R
which coincides with ϕ on ∂Te ∩ [X− (Z ∪VR(L)◦)] and satisfies two additional properties:
(1) its gradient ∇σ points radially outwards along (X− Z) ∩ ∂VR(L), and
(2) its critical points are all contained inside X− (T ◦e ∪VR(L)◦).
Moreover, the restriction ∂σ of σ to the boundary (X− Z) ∩ ∂VR(L) is also a Morse function.
4In [10], the first term in the union on the top-right side of this diagram simply reads (X−Te), rather than
X− (Te ∪VR(L)). We suspect that this is a minor oversight.
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By examining the Levi form of σ at its critical points, it can be shown that each one has
Morse index ≥ dim(X); and similarly, the Morse index of each critical point of ∂σ is at least
dim(X)− 1. Consequently, (X−Z) is homotopy-equivalent to the union of (X−Z)∩VR(L)
with a finite number of cells, all of which have dimension ≥ dim(X). Thus, Theorem 6.2
holds if one can establish that (X − Z) ∩ L is a deformation-retract of (X − Z) ∩ VR(L).
To this end, let {F1, . . . , F`} be any collection of homogeneous polynomials which define
Z ⊂ Pn, set di = deg Fi, and let d be the least common multiple of the di’s. Consider the real
algebraic function τ : X → R given by
τ(z0, . . . , zn) =
∑`i=1 |Fi(z0, . . . , zn)|2d/di
∑nj=0 |zj|2d
, (13)
and note that Z equals the levelset {τ = 0}. The following result is from [10, Section 1.3.4].
PROPOSITION 6.5. Given a (complex analytic) Whitney stratification of X, if L intersects all
strata transversely, then the boundary ∂VR(L) is transverse to the levelset {τ = e} for all sufficiently
large R > 0 and all sufficiently small e > 0.
Thus, one can construct a vector field whose flow lines establish a deformation-retraction
of (X − Z) ∩VR(L) down to (X − Z) ∩ L. Combined with Proposition 6.4, this concludes
(our description of) Hamm and Lê’s proof of Theorem 6.2.
6.2. A Lefschetz Theorem for Complex Linking Spaces. Assuming the hypotheses of
Theorem 6.1, recall that the complex linking spaceLpYreg is given by an intersection
LpYreg = Yreg ∩ Be(p) ∩ pi−1ξ (δ),
where e, δ, and ξ are chosen in accordance with Definition 2.3. The next result allows us to
safely assume that the nearest point to p in the offset hyperplane pi−1ξ (δ) lies in Yreg ∩ Hp.
PROPOSITION 6.6. Let Cn ⊂ Pn be an affine chart containing p, and let Br(p) denote the
open Euclidean ball of radius r > 0 around p in Cn. There exists a sufficiently small e > 0 and
a Zariski-dense subset of Yreg ∩ Be(p) so that for every point w in this set, the unit vector along
(w− p) constitutes a nondegenerate direction (as in Definition 2.2) for both Yreg and Yreg ∩ Hp near
p. Further, for a generic choice of Hp there is a Zariski dense set of w ∈ Yreg ∩ Be(p) ∩ Hp so that
the unit vector along (w− p) is nondegenerate for both Yreg and Yreg ∩ Hp near p.
PROOF. For each point w in Yreg, let Hw ⊂ Cn be the unique hyperplane through w which
is orthogonal to the line joining w with p. Let Y(w) ⊂ Yreg be the subset of all points y whose
tangent plane TyYreg is contained in Hw.
Claim 1: Y(w) is not Zariski dense in Y for any w in Yreg.
By definition, Y(w) is precisely the singular locus Sing(Hw ∩ Yreg) of Hw ∩ Yreg. Since Y
is an irreducible variety with dim(Y) ≤ dim(Hw), the subvariety Sing(Hw ∩ Y) is Zariski
dense in Y if and only if Y ⊂ Hw. Thus, if Y(w) is Zariski dense in Yreg, then we would have
Yreg ⊂ Hw. But the point p lies in the closure of Yreg and remains bounded away from Hw,
which forces a contradiction.
Claim 2: There exists e0 > 0 so that every w in Be0(p) ∩Yreg satisfies w 6∈ Y(w).
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By [35, Theorem 22.1] of Whitney, for w in Yreg sufficiently close to p, the tangent space
TwYreg contains a vector ζ for which the ratio
|w− p, ζ|∗ := ‖(w− p)− piζ(w− p)‖‖w− p‖
can be made arbitrarily small. Here ‖ • ‖ denotes the usual Euclidean norm in Cn, while piζ
is the orthogonal projection along ζ. But if w lies in Y(w), then every such ζ lies in Hw, and
hence happens to be orthogonal to w− p. Thus, |w− p, ζ|∗ = 1, which contradicts Whitney’s
criterion and hence establishes the claim.
Now fix a w in Be0(p) ∩ Yreg. By the first claim, Y(w) is not Zariski dense in Y (and is
contained in the subvariety Sing(Hw ∩ Y)), so it follows that Yreg − Y(w) is Zariski dense in
Yreg. And by the second claim, w is not in Y(w), so the tangent plane TwYreg intersects Hw
transversely. Consequently, there is a sufficiently small e′ ∈ (0, e0) for which Be′(w) ∩ Y(w)
is empty. Now Y(w) = Sing(Hw ∩ Y) lies entirely in Hw whereas p /∈ Hw, and w − p is
orthogonal to Hw. Therefore, Y(w) ∩ Be′(w) equals the intersection of Y(w) with the solid
open cylinder Ce′(w− p) ⊂ Cn of radius e′ around the line joining w to p. But now, there is
an e > e′ for which
Y(w) ∩Ce′(p− w) = Y(w) ∩ Be(p),
whence Y(w) ∩ Be(p) is empty. In other words, Hw intersects Yreg ∩ Be(p) transversely for
any w ∈ Yreg ∩ Be(p), so the direction (w − p) is nondegenerate for Yreg near p. The final
statement of the proposition follows by taking a generic Hp and replacing Y, respectively
Yreg, by Y ∩ Hp, respectively Yreg ∩ Hp, in the entire argument above. This gives us a dense
set of w ∈ Yreg ∩ Hp ∩ Be(p) such that (w− p) is nondegenerate for both Yreg and Yreg ∩ Hp
near p. 
Consider an affine chart Cn ⊂ Pn containing p, and for each r > 0 let Br(p) denote the
ball of radius r around p in this chart.
PROOF OF THEOREM 6.1. By Proposition 6.6, there is a nondegenerate direction ξ ∈ Cn
so that for all sufficiently small radii e > δ > 0, we simultaneously have
(1) LpYreg = Yreg ∩ Be(p) ∩ pi−1ξ (δ),
(2) Lp(Yreg ∩ Hp) = (LpYreg) ∩ Hp, and
(3) the nearest point w to p in pi−1ξ (δ) lies in Yreg ∩ Hp.
Let H ⊂ Pn be the projective closure of the affine plane pi−1ξ (δ) ⊂ Cn. Since Hp and H are
generic outside of the line joining w to p, so they intersect Yreg and each other transversally.
As a consequence, both (Yreg ∩ H) and (Yreg ∩ H ∩ Hp) are nonempty smooth manifolds of
dimension k and k− 1 respectively, where k = dim Y > 1. Letting Σ denote the difference
Y−Yreg, we may therefore apply Theorem 6.2 with
X = Y ∩ H, Z = Σ ∩ H, L = Hp.
Note that the difference X − Z is precisely Yreg ∩ H, and fix some R′  0 large enough so
that Yreg ∩ H ∩VR(Hp) is smooth for all R ≥ R′, as described in (10).
Step 0: The local picture near L.
In our chart Cn around p, the set VR(Hp)◦ constitutes an open tubular neighbourhood
of the plane Hp. As in the proof of Proposition 6.6, we let Cr(p− w) denote the open solid
cylinder of radius r centered around the line `p−w containing p and w, and note that for
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e′ > 0 sufficiently small this cylinder Ce′(p − w) lies inside VR(Hp)◦. Thus, we have a
nested triple
Yreg ∩ `p−w ⊂ Yreg ∩Ce′(p− w) ⊂ Yreg ∩VR(Hp).
Since the hyperplane H cuts Yreg ∩ `p−w orthogonally at w, we obtain the sliced triple
{w} ⊂ Yreg ∩ B′e′(w) ⊂ Yreg ∩ H ∩VR(Hp), (14)
where B′e′(w) is the ball of radius e
′ around w inside H.
Step 1: From X− Z to (X− Z) ∩VR(L) near L.
By Proposition 6.4 (1), there is a Morse function σ whose gradient ∇σ points outwards
along ∂VR(Hp) in the chart Pn − Hp. Thus, in Cn, the gradient ∇σ points in towards Hp.
Using Proposition 6.4 (2) along with the fact that ξ is generic (since w is generic), we may as-
sume that the inner product 〈∇σ, ξ〉 remains nonzero along Yreg ∩ H ∩VR(Hp) while point-
ing in towards w along the boundary Yreg ∩ H ∩ ∂VR(Hp). Thus, Yreg ∩ H ∩VR(Hp) forms a
tubular neighbourhood around w in Yreg ∩ H, much like Yreg ∩ B′e′(w) does. By the unique-
ness of such neighbourhoods up to ambient isotopy [24, Proposition 6.1], we may as well
assume that∇σ is also inward-pointing along Yreg ∩ ∂B′e′(w). Thus, the gradient flow yields
a local homotopy equivalence
B′e′(w) ∩Yreg ' B′e′(w) ∩Yreg ∩VR(Hp).
Since B′e′(w) is the same as Be(p)∩ H for a suitable e > e′, we have a homotopy equivalence
Be(p) ∩Yreg ∩ H ' Be(p) ∩Yreg ∩ H ∩VR(Hp). (15)
By definition, the left side is the complex linking space LpYreg. It remains to show that the
right side is homotopy-equivalent toLp(Yreg ∩ Hp).
Step 2: From (X− Z) ∩VR(L) to (X− Z) ∩ L near L.
By Proposition 6.5, for all R ≥ R′ sufficiently large and all s > 0 sufficiently small,
the boundary ∂VR(Hp) is transverse to the level set {τ = s}, where τ : Yreg ∩ H → R
is the function described in (13) with {τ = 0} = Σ ∩ H. Evidently, these level sets remain
transverse locally near p, so for sufficiently small e > 0 there is a local homotopy equivalence
Be(p) ∩Yreg ∩ H ∩VR(Hp) ' Be(p) ∩Yreg ∩ H ∩ Hp, (16)
produced by the same vector field which gives the global equivalence. Now the right side of
(16) is preciselyLp(Yreg∩Hp), so combining this homotopy equivalence with (15) concludes
the proof of Theorem 6.1. 
REMARK 6.7. The following observations concern aspects of Theorem 6.1.
(1) Lefschetz type theorems for complex linksLX of strata X ⊂W in Whitney stratified
spaces typically require delicate estimates on the so-called tangential and normal
defects, which are carefully described in [9, Chapter II.4]. We are able to bypass
most of these complications here since our focus is on complex linking spacesLXY,
which are always smooth (because Y is smooth). However, Theorem 6.1 teaches
us nothing about the homology of LX itself — even knowing the homology of all
linking spaces LXY for Y > X does not help, since we do not learn their attaching
maps.
(2) In the special case where Y is the affine cone over some projective variety V ⊂ Pn at
the point p = 0 in Cn+1, the complex linking space L0Yreg is homeomorphic to the
complement in Vreg of a (small neighborhood around a) general hyperplane section
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Vreg ∩ H. Since we have explicitly discarded the singular set of V, this complement
is always a disjoint union of disks in Pn that have the same dimension as V.
(3) Theorem 6.1 can be seen as somewhat analogous to a theorem of Lê [20] which
states that the complex link LX of a stratum X ⊂ W is homotopy equivalent to a
wedge of spheres of dimension dim W− dim X − 1 whenever W ⊂ Cn is a locally
complete intersection. As noted in item (1) above, by restricting attention to the
nonsingular complex linking spaces LXY we get a similar result without requiring
a locally complete intersection.
7. The Main Result and Applications
Here we will describe several consequences of assembling the results which were ob-
tained across Sections 4, 5, and 6, starting with Theorem 1.1.
7.1. The Equivalence of Algebraic and Topological Multiplicities. The following is a
restatement of Theorem 1.1.
THEOREM. Let W ⊂ Pn be a projective variety equipped with a complex analytic Whitney
stratification. For any pair of strata X < Y of W whose closures X ⊂ Y are subvarieties of W with
X irreducible, we have
mXY = eXY,
where mXY is the topological multiplicity from Definition 2.4 while eXY is the algebraic multiplicity
from Definition 3.1.
PROOF. Let L ⊂ Pn be a general linear space given by the intersection of dim X generic
hyperplanes, and let p be one of the deg X points in X ∩ L. Since L serves as a normal slice
for X at p, by Definition 2.3 we obtain LXY = Lp(Y ∩ L). Consequently, by Definition 2.4
we obtain
mXY = mp(Y ∩ L).
Now let L′ be another linear space obtained as the intersection of η := dim Y − dim X − 1
general hyperplanes which all contain p. Applying Theorem 6.1 to Lp(Y ∩ L) exactly η
times, we have
mp(Y ∩ L) = mp(Y ∩ L ∩ L′).
Now dim(Y ∩ L ∩ L′) = 1, so by Theorem 5.1 we may conclude that
mp(Y ∩ L ∩ L′) = ep
(
Y ∩ L ∩ L′) .
And finally, since X ∩ L ∩ L′ = {p}, we may use assertion (3) of Theorem 4.3 to obtain
ep
(
Y ∩ L ∩ L′) = eXY.
Concatenating the string of equalities highlighted above yields the desired result. 
In fact, by applying the same argument more carefully (i.e., by using the homotopi-
cal part of Theorem 6.1 rather than the Euler characteristic consequence), one can make a
stronger statement regarding the topology of complex linking spaces associated to pairs of
projective varieties.
COROLLARY 7.1. Let X be an irreducible subvariety of a projective variety Y ⊂ Pn. Equip
Y with a stratification so that the nonsingular part Xreg ⊂ X forms a connected component of a
stratum, and let Yreg denote the top stratum. Then, the complex linking spaceLXregYreg is homotopy-
equivalent to a finite point-set of cardinality eXY.
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Since both algebraic and topological multiplicities appear under various guises in the
study of singular varieties, this equivalence has several interesting consequences. Some of
these are catalogued in the sequel.
7.2. A New Algebraic Formula for the Euler Obstruction. A function f : W → Z de-
fined on a Whitney stratified space is constructible if its restriction f |X : X → Z to each stra-
tum X ⊂W is locally constant. Perhaps the most famous constructible function is MacPher-
son’s (local) Euler obstruction, which was constructed via Nash blowups and played a central
role in defining Chern classes of singular varieties [21]. The following equivalent definition
is derived from the presentation in [4, 6] and originally due to Kashiwara [14, 15].
DEFINITION 7.2. The local Euler obstruction of W is the function EuW : W→ Z defined
recursively as follows. For a point p ∈ W which resides in the interior of a top-dimensional
stratum, we have EuW(p) = 1. And for p lying in the interior of a lower-dimensional stratum
X with dim X < dim W, we have
EuW(p) =∑
Y
(−1)dim Y−dim X−1mXY · EuW(pY), where: (17)
(1) Y ranges over all strata of W of dimension > dim X satisfying X < Y,
(2) mXY is the topological multiplicity from Definition 2.4, and
(3) pY is an arbitrary point in the corresponding stratum Y.
The Euler obstruction inherits various remarkable properties from the complex link —
in particular, it is constructible with respect to any Whitney stratification, so its value at a
given p ∈ X will not depend on the choice of representative points pY ∈ Y. In light of (17),
knowledge of the topological multiplicities mXY across all pairs of strata X < Y in W com-
pletely determines the Euler obstruction of W. From the definition above we immediately
obtain the following corollary of Theorem 1.1.
COROLLARY 7.3. Let W ⊂ Pn be a complex projective variety endowed with a Whitney strat-
ification so that the closure of each connected component of a stratum is an irreducible subvariety of
W. Let p be a point lying on such a connected component X of dimension < dim W. Then the local
Euler obstruction of W at p is given by
EuW(p) =∑
Y
(−1)dim(Y)−dim(X)−1eXY · EuW(pY),
where the sum above ranges over all strata Y > X, and pY is a general point in Y.
Efficient algorithms to compute the Euler obstruction of a very affine variety W ⊂ (C∗)n,
where C∗ = C− {0}, are given in [30]. Corollary 7.3 directly yields a practical method to
compute Euler obstructions for the case of projective varieties W ⊂ Pn using the formula (6)
for eXY above along with standard Gröbner basis methods (see also [12] for a discussion of
the practical considerations of applying formula (6)).
7.3. The Case of Projective Toric Varieties. In this subsection we will illustrate how
the main results of our note can be applied to the case of projective toric varieties [8, 34].
Throughout this section C∗ denotes the punctured plane C− {0}.
DEFINITION 7.4. For integers n, d > 0, let A be a full rank d × n integer matrix whose
row space contains the vector (1, 1, . . . , 1) ∈ Zn. The projective toric variety XA associated
to A is the projective closure of the image of the map (C∗)d → (C∗)n given by
(t1, . . . , td) 7→
(
tA1 , . . . , tAn
)
,
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where {A1, . . . , An} are the columns of A, and for each such column Ai = (a1, . . . , ad) the
corresponding monomial tAi equals ta11 · ta22 · · · tadd .
Let P = conv(A) be the (d − 1)-dimensional lattice polytope obtained by taking the
convex hull of the columns {A1, . . . , Ad} of A in Rn. Each face β ≤ P gives rise to the
associated torus orbit
o(β) := {(x1, . . . , xn) ∈ XA | xi = 0 if and only if Ai ∈ β} .
The closure o(β) of each such orbit is also a projective toric variety whose dimension equals
dim(β). These orbits indexed by faces of P induce a Whitney stratification of XA,
XA =
⋃
β≤P
o(β).
The top stratum, which has dimension d− 1, is the torus orbit of the entire polytope P:
(XA)reg = o(P) ∼= (C∗)d−1.
Let XA be a projective toric variety with polytope P = conv(A) so that β ⊂ α are proper
faces of P. LetRβ denote theR-linear subspace spanned by the face β and letZα denote the
Z-linear subspace spanned by the face α. Writing Aα/β for the image of the lattice points
A ∩ α in the quotient lattice Zα/(Zα ∩Rβ), the normalized relative subdiagram volume of α
with respect to β is
µ(α, β) = Vol (conv(Aα/β))−Vol (conv(Aα/β− {0})) ,
where Vol denotes volume normalized with respect to the lattice Zα/(Zα ∩Rβ). It is well-
known (see [8, Chapter 5, Theorem 3.16] for instance) that the algebraic multiplicity of o(β)
inside o(α) is given by
eo(β)o(α) = µ(α, β) · [Zα ∩Rβ : Zβ], (18)
where the second factor on the right side denotes a sublattice index. Here is an immediate
corollary of Theorem 1.1.
COROLLARY 7.5. Let XA be a projective toric variety, and let β ≤ α be any pair of faces in the
associated polytope P. Then, we have
mo(β)o(α) = µ(α, β) · [Zα ∩Rβ : Zβ]. (19)
This formula (19) is one of the central results of the papers [25, 26] by Matsui and Takeuchi.
See, for example, [25, Theorem 4.3] and [26, Theorem 3.12, Corollary 3.5, Corollary 3.6],
which require delicate arguments specific to toric varieties. Using the Whitney stratification
of XA given by the torus orbits and combining (18) with Corollary 7.3 gives a formula for
the Euler obstruction of XA. At a point p lying in some stratum o(β) where β < P is a proper
face, we have
EuXA(p) = ∑
α>β
(−1)dim(α)−dim(β)−1µ(α, β) · [Zα ∩Rβ : Zβ] · EuXA(pα),
where pα is any point lying in the stratum o(α). This recovers [25, Theorem 4.7].
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7.4. Topological Inference of Algebraic Multiplicities. Let X ⊂ Y be a pair of projective
varieties in Pn. The integer eXY can be computed efficiently given sets of defining polyno-
mials for X and Y using the formula (6). Here we combine Theorem 4.3 with Theorem 5.1
to describe a probabilistic technique for estimating eXY from finite point samples without
recourse to any defining equations. More specifically, we only require as input the dimensions
of X and Y along with a dense point sample P ⊂ Y whose intersection with X produces
a dense point sample lying on X. We further require points lying in P ∩ X to be explicitly
labelled as lying in X, and work throughout within an affine chart Cn ⊂ Pn.
An algorithm to estimate eXY given the above input is as follows.
(1) Select a random point p in P ∩ X.
(2) Select a random affine subspace Ap ⊂ Cn of dimension (n − dim Y − 1) which
passes through p (so in particular Y ∩ Ap is a curve containing the point p).
(3) Select a random affine hyperplane H ⊂ Ap which passes within some small distance
δ > 0 of p.
(4) For small radii e  δ and η  δ, let P′ be the subset of P ∩ (Y − X) containing
points which simultaneouly lie within distance η of H and within distance e of p.
The points in P′ approximate the zero-dimensional complex link Lp(Y ∩ Ap). Now by
Theorem 5.1, the Euler characteristic (and hence, cardinality) of this complex link is the
same as ep(Y ∩ L); moreover, we know from Theorem 4.3 that ep(Y ∩ L) equals the desired
multiplicity eXY. It therefore suffices to use the number of clusters in P′ as an estimator for
eXY. Below are three instances of P′ obtained from the same P, which in turn was generated
by densely sampling points from a pair of projective varieties X ⊂ Y with eXY = 3:
In general, the quality of the clusters so obtained depends on various choices of hyperplanes
and radii made while executing the algorithm above; in particularly unfortunate instances,
the number of clusters under-estimates eXY. In order to obtain rigorous guarantees with
uniform sampling, one would require strong assumptions on the sampling density (as in
[29] for instance). We leave these considerations to future work.
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